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1 Introduction
Let A = Fq be a finite field with q = p
n elements where p is an odd prime, x a primitive root
of Fq, with the same notation in [5]. In this paper, we usually identify A with F
n
p which is an
n
t−dimensional Ft-vector space with t|n.
Suppose that
β : A −→ A
f 7−→ xbf
where b 6= 0 (mod q − 1). It is obvious that β is an automorphism of A. Consider a cyclic
subgroup < β >< GLn(Fp) with ord(β) = d where d =
q−1
(q−1,b) .
Let G = A⋊ < β >, the semidirect product of A and < β >, where β acts on A as above.
We will denote elements of G by (f, βt), and the operation is
(f, βt)(g, βk) = (f + xbtg, βt+k).
The study of fixed point free endomorphisms and automorphisms of G promotes many
interesting theoretical work in Hopf Galois theory, such as [1–5].
The following ψ ∈ Aut(G) called a semi-scalar automorphism of G in [5], is defined by
ψ(1, 1) = (y0, 1), ψ(0, β) = (h, β
s) where s = pr and βs 6= 1, hence ψ(f, 1) = (y0f
s, 1) with
y0 ∈ F
∗
pn = Fpn \ {0}. If ψ ∈ Aut(G), then ψ is called fixed point free if ψ((f, β
t)) 6= (f, βt)
when (f, βt) 6= (0, 1). The main result in [5] shows that to determine fixed point free semi-
scalar automorphisms of G.
In this paper, we are not limited to considering semi-scalar automorphisms of G which is a
specific case of Aut(G) in fact. Our strategy is based upon determining ψ¯ which is restricted
to Fpn by ψ only by the values of ψ¯ on an Fpm− basis of Fpn where Fpm is the algebraic
extension of xb in Fp. Some new results in determining the fixed point free automorphisms
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if G will be presented. At the same time, the proofs of several results such as Proposition 3
in [5] can be simplified.
2 An isomorphic mapping
In this paper, we consider the following subgroup of GL2(Fq)
H =
{[
1 0
f y
]
| f ∈ Fpn , y ∈< x
b >⊆ F∗pn
}
,
and the next mapping will show G ∼= H.
φ : G −→ H
(f, βt) 7−→
[
1 0
f (xb)t
]
.
Lemma 2.1. With the above situation, G and H are isomorphic.
Proof. It is obvious that φ is a bijection between G and H. As
φ((f, βt))φ((g, βk)) =
[
1 0
f (xb)t
][
1 0
g (xb)k
]
=
[
1 0
f + (xb)tg (xb)t+k
]
= φ((f + xbtg, βt+k)), ∀(f, βt), (g, βk) ∈ G,
our claim is proved.
For B =
[
1 0
f (xb)k
]
∈ H with f ∈ Fpn , we have
Bm =
[
1 0
f(1 + xbk + (xbk)2 + · · ·+ (xbk)m−1) (xbk)m
]
=

 1 0
f 1−(x
bk)m
1−xbk
(xbk)m

 .
This implies
ord(B) = ord(xbk) =
d
(d, k)
.
Now consider the following set of generators of H[
1 0
1 1
]
,
[
1 0
x 1
]
, . . . ,
[
1 0
xn−1 1
]
,
[
1 0
0 xb
]
.
Every endomorphism ψ ∈ End(H) is determined by its values on those generators. In
particular,
ψ(
[
1 0
0 xb
]
) =
[
1 0
h (xb)s
]
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for some h ∈ Fpn. With the same notation in [5], we denote ψ restricted to Fpn by ψ¯ which
is Fp−linear on Fpn . So
ψ(
[
1 0
xr 1
]
) =
[
1 0
ψ¯(xr) 1
]
=
[
1 0
yr 1
]
where yr = ψ¯(x
r) for all r.
Let Fpm ⊆ Fpn be an algebraic extension of x
b in Fp. Some results in [5] such as Proposition
3 can be further developed by the next claim.
Proposition 2.1. With the above situation, let Fpm be an algebraic extension of x
b in Fp.
Then ψ¯ restricted to the Fpm− subspace < x
r >Fpm= {fx
r | f ∈ Fpm} with x
r ∈ F∗pn is
defined by
ψ¯(fxr) = f sψ¯(xr), ∀f ∈ Fpm.
Proof. For any xr ∈ F∗pn , let
ψ(
[
1 0
xr 1
]
) =
[
1 0
yr 1
]
,
ψ(
[
1 0
0 xb
]
) =
[
1 0
h (xb)s
]
, h ∈ Fpn .
Since [
1 0
0 xb
][
1 0
xr 1
]
=
[
1 0
xb+r 1
][
1 0
0 xb
]
,
applying ψ yields
[
1 0
h xbs
][
1 0
yr 1
]
=
[
1 0
yb+r 1
][
1 0
h xbs
]
.
It implies that
yb+r = x
bsyr.
Furthermore,
ψ¯(xkb+r) = ykb+r = x
bsy(k−1)b+r = · · · = x
kbsyr = x
kbsψ¯(xr).
It is well known that xb is the primitive root of Fpm . Hence, each element of f ∈ F
∗
pm can be
written as f = (xb)k = xbk with some k.
Then Fp−linear mapping ψ¯ restricted to the Fpm− subspace < x
r >Fmp = {fx
r | f ∈ Fpm}
can be defined by
ψ¯(xrf) = ψ¯(xkb+r) = xkbsψ¯(xr) = f syr
where f = xbk ∈ Fpm .
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Lemma 2.2. Let Fpm be a subfield of Fpn. If ψˆ is an Fp−linear mapping from Fpm to Fpn
such that
ψˆ(f) = f sy0, ∀f ∈ Fpm
where y0 ∈ F
∗
pn, then s is a power of p.
Proof. We consider the Fp−linear transformation φ = y
−1
0 ψˆ in Fpm. So φ(f) = f
s, ∀f ∈ Fpm.
We claim that φ is an automophism of Fpm . Since ker(φ) = {0}, φ is bijective. Our claim
follows from the fact that φ(fg) = φ(f)φ(g) for any f, g ∈ Fpm. Hence, s is a power of p.
By virtue of Lemma 2.2, the proof of the next corollary, namely, Proposition 3 in [5]
becomes simpler.
Corollary 2.1. If ψ ∈ End(H) is non-trivial on Fpn ,
then
ψ(
[
1 0
0 xb
]
) =
[
1 0
h (xb)s
]
, h ∈ Fpn
where s is a power of p.
Proof. By Proposition 2.1, we have
ψ¯(fx0) = f sψ¯(1) = f sy0, y0 6= 0
for any f ∈ Fpm. Note that y0 ∈ F
∗
pn , s a power of p according to Lemma 2.2.
3 Automorphisms of G
We focus upon Fpn as an Fpm− linear space. It is easy to see that (b, p
m − 1) = 1 and m|n.
Proposition 3.1. Let q = pn, G = Fq⋊ < β > where β(f) = x
bf for f ∈ Fq, Fpm an
algebraic extension of xb in Fp. If 1, x
b1 , · · · , xbv−1 is an Fpm− basis of Fpn, then
ψ¯(
v−1∑
i=0
fix
bi) =
v−1∑
i=0
f si ψ¯(x
bi)
for any fi ∈ Fpm.
Proof. By Proposition 2.1, we know that
ψ¯ : Fpn → Fpn
v−1∑
i=0
fix
bi 7→ ψ¯(
v−1∑
i=0
fix
bi) =
v−1∑
i=0
ψ¯(fix
bi) =
v−1∑
i=0
f si ybi
where b0 = 1, fi ∈ Fpm and ybi = ψ¯(x
bi).
Remark 3.1. A semi-scalar automorphism of G in [5], in fact, just is a special case of
Aut(G) with dimFpm (Fpn) = v = 1, namely, m = n.
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The next result tells us the number of Aut(G) when m is given.
Theorem 3.1. Let q = pn, G = Fq⋊ < β > where β(f) = x
bf for f ∈ Fq. If Fpm is an
algebraic extension of xb in Fp, then |Aut(G)| = np
n(pn − 1)(pn − pm) · · · (pn − pn−m).
Proof. With the same notation, it follows from the fact G ∼= H that Aut(G) ∼= Aut(H).
Consider that 1, xb1 , · · · , xbv−1 is an Fpm− basis of Fpn with v = dimFpm (Fpn) =
n
m . For any
ψ ∈ Aut(H), it is obvious that y0 = ψ¯(1), yb1 = ψ¯(x
b1), · · · , ybv−1 = ψ¯(x
bv−1) is also an Fpm−
basis of Fpn . According to Proposition 2.1, ψ¯ is uniquely determined by 1, yb1 , · · · , ybv−1 .
Thus,
|{ψ¯ |ψ ∈ Aut(H)}| = |GLv(Fpm)| = (p
mv − 1)(pmv − pm) · · · (pmv − pm(v−1)).
Given a ψ ∈ Aut(H), we know that
ψ(
[
1 0
0 xb
]
) =
[
1 0
h (xb)s
]
where s = pr. It means that the number of choices for h is pn, the number of choices for s is
n. Hence,
|Aut(G)| = npn(pmv − 1)(pmv − pm) · · · (pmv − pm(v−1))
= npn(pn − 1)(pn − pm) · · · (pn − pn−m).
If m = n, then the number of semi-scalar automorphisms of G is npn(pn−1) by Theorem
3.1 .
4 Fixed point free automorphisms of G
In this section, we focus on determining fixed point free automorphisms of G. Some basic
properties of Aut(G) will be further developed.
Theorem 4.1. Let q = pn, G = Fpn⋊ < β > where β(f) = x
bf for f ∈ Fq, Fpm an algebraic
extension of xb in Fp. If p > 2 and m < n, then G has no fixed point free automorphisms.
Proof. Consider the group G0 = {ψ¯ |ψ ∈ Aut(H)}, it follows from Theorem 3.1 that
|G0| = (p
n − 1)(pn − pm) · · · (pn − pn−m).
As dimFpm (Fpn) > 1, there exists ψ¯0 ∈ G0 of order p
k0 for some k0 ≥ 1 by Sylow Theorem.
We claim that ψ¯0 is not fixed point free. Now consider the subgroup G1 =< ψ¯0 > of G0, and
G1 acts on Fpn defined by ψ¯
k
0 (x) for all x ∈ Fpn and k.
Let
Fix(G1) = {x ∈ Fpn |φ(x) = x, ∀φ ∈ G1},
5
we consider the following equation
|G1| = |Fix(G1)|+
∑
x/∈F ix(G1)
|O(x)|,
where O(x) is the orbit of x.
Since each |O(x)| is a divisor of |G1| for x /∈ Fix(G1), hence is itself a power of p. Thus,
p divides each of the terms in the equation other than |Fix(G1)|, and so |Fix(G1)| > 1.
Therefore, our claim keeps true.
We proceed to discuss more general cases of Fpm which is defined by x
b. Regarding Fpn
as an Fpm−linear space is very helpful to our discussion.
Proposition 4.1. Let q = pn, G = Fq⋊ < β > where β(f) = x
bf for f ∈ Fq, Fpm an
algebraic extension of xb in Fp. If ψ ∈ Aut(G) such that ψ(0, β) = (h, β
s) with s = pr, then
ψ¯ is Fpt−linear on Fpn with t = (m, r), and ψ has a non-zero fixed point if and only if ψ¯− Id
is inverse where Id is the identity mapping on Fpt− linear space Fpn.
Proof. Consider the subfield Fpt = Fpm ∩ Fpr of Fpn where Fpr = {f ∈ Fpn | f
pr = f}, we
have t = (m, r). Let 1, xb1 , · · · , xbv−1 be an Fpt− basis of Fpn where v =
n
t . According to
Proposition 3.1, it is easy to see that
ψ¯(
v−1∑
i=0
fix
bi) =
v−1∑
i=0
f si ψ¯(x
bi) =
v−1∑
i=0
fiψ¯(x
bi)
for any fi ∈ Fpm . Thus, ψ¯ is Fpt−linear on Fpn.
Since we know that ψ has a non-zero fixed point if and only if ψ(f, 1) 6= (f, 1) for any
f ∈ F∗pn , it is equal to say that ψ¯ − Id on Fpn is inverse.
In fact, one can determine fixed point free automorphism ψ by computing the determinant
of ψ¯ − Id if an Fpm− basis of Fpn is known.
In special case of (m, r) = m in Proposition 4.1, as ψ¯ becomes an Fpm−linear transfor-
mation on Fpn , the proof of the following claim is obvious, we omit the details.
Corollary 4.1. With the above situation, let ψ ∈ Aut(G) with ψ(0, β) = (h, βs) such that
(m, r) = m. Then ψ¯ is Fpm−linear on Fpn, and ψ has a non-zero fixed point if and only if
ψ¯ − Id is inverse where Id is the identity mapping on Fpm− linear space Fpn .
It remains to discuss the number of fixed point free automorphisms of G.
Theorem 4.2. Let q = pn, G = Fq⋊ < β > where β(f) = x
bf for f ∈ Fq, Fpm an algebraic
extension of xb in Fp. Then the number of fixed point free automorphisms of G is
Σt|m|{A ∈ GLn
t
(Fpt) | det(I −A) 6= 0}|.
Proof. Given some r ∈ {0, 1, · · · , n − 1}, it follows from Proposition 4.1 that the number of
fixed point free automorphisms of G is |{A ∈ GLn
t
(Fpt) | det(I −A) 6= 0}| with t = (m, r).
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Thus, the number of fixed point free automorphisms of G is
Σt|m|{A ∈ GLn
t
(Fpt) | det(I −A) 6= 0}|.
Theorem 4.3. Let q = pn, G = Fq⋊ < β > where β(f) = x
bf for f ∈ Fq, Fpm an algebraic
extension of xb in Fp. If m = n and ψ(0, β) = (h, β
s) with s = pr, then ψ has a non-zero
fixed point if and only if ψ¯(1) ∈ F∗
p(n,r)
.
Proof. Since Fpm be an algebraic extension of x
b in Fp, we have Fpm = Fpn. According to
Theorem 3.1, it is easy to see that
ψ¯(fx0) = f sψ¯(x0) = f sψ¯(1) = f sy0
for some y0 ∈ F
∗
pn and any f ∈ Fpn .
Consider that ψ has a non-zero fixed point if and only if there exists some f ∈ F∗pn such
that f = f sy0, it implies y0 ∈ F
∗
p(n,r)
.
The following result shows the number of sem-scalar automorphisms of G.
Corollary 4.2. With the above situation, if m = n, then the number of fixed point free
automorphisms of G is Σn−1r=0 (p
(n,r) − 1).
Proof. Given some r ∈ {0, 1, · · · , n−1}, it follows from Theorem 4.3 that the number of fixed
point free automorphisms of G is |F∗
p(n,r)
| = p(n,r) − 1.
Thus, the number of fixed point free automorphisms of G when (m,n) = n is
Σn−1r=0 (p
(n,r) − 1).
Corollary 4.3. With the above situation, if m = n and is the prime number, then the number
of fixed point free automorphisms of G is n(p− 1).
Proof. By Corollary 4.2, we have Σn−1r=0 (p
(n,r) − 1) = n(p− 1).
Thus, the number of sem-scalar automorphisms of G is n(p − 1) when n is the prime
number.
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